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Abstract
A ring R is called to be exchange if the right regular module RR has 5nite exchange property.
We continue in this paper the study of exchange rings by several authors. In particular, we
investigate the von Neumann regularity of exchange rings. In addition, we also study whether
the exchange property is inherited by some extensions of exchange rings.
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0. Introduction
Throughout this paper, all rings are associative with identity and all modules are
unitary. Given a ring R, J (R) denotes the Jacobson radical of R. Let MR be a right
R-module. Following Crawley and J=onsson [6], MR is said to have the exchange prop-
erty if for every module AR and any two decompositions of AR
AR =M ′R ⊕ NR =
⊕
i∈I
Ai
with M ′R ∼= MR, there exist submodules A′i ⊆ Ai such that
AR =M ′R ⊕
(⊕
i∈I
A′i
)
:
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MR is said to have the 8nite exchange property if the above condition is satis5ed
whenever the index set I is 5nite.
War5eld [15] introduced the class of exchange rings. He called a ring R an exchange
ring if the right regular module RR has the 5nite exchange property and proved that
this de5nition is left–right symmetric. The structure of exchange rings has been inves-
tigated by numerous authors, most recently in [5,16,17,1] and many familiar classes
of rings (for example, local rings, von Neumann regular rings and semiperfect rings,
etc.) are shown to belong to this class of rings. However, the general structure of
them is still undetermined. A problem one might have in such attempt is that the
usual chain conditions on ring are too strong for exchange rings. In fact, by a theorem
of Nicholson [13, Theorem 4.3], exchange rings containing no in5nite set of orthog-
onal idempotents are just semiperfect rings (cf. [5, Corollary 2]). This suggests that
in order to get a more general structure theorem for exchange rings, some weaker
5niteness conditions are required. In a recent attempt in this direction, Yu [17, The-
orem 2.1] proved that exchange rings with all prime factors Artinian are strongly

-regular. But in this theorem, we may check that the condition “R is an exchange
ring” is superJuous by [7, Theorem 2.1]. Also Yu [17, Theorem 3.6] proved that if
R is an exchange ring with primitive factors Artinian and a factor ring R=J (R) is ho-
momorphically semiprimitive, then R=J (R) is strongly 
-regular and idempotents lift
modulo J (R).
The extensions of exchange rings have been studied by several authors. Nicholson
[14, Theorem 2.1] proved that a ring R is exchange if and only if the n-by-n full matrix
ring Matn(R) is exchange. Recently, Ara [1, Theorem 1.4] proved the same result in
case R has no identity. Moreover, he proved that a ring R (possibly without identity)
is exchange if and only if an ideal I of R is exchange and R=I is exchange. Hence it is
natural to ask if the exchange property of a ring R can be extended to its polynomial
ring, its formal power series ring.
We investigate in this paper the von Neumann regularity of exchange rings. In
addition, we also study whether the exchange property is inherited by some extensions
of exchange rings.
1. Exchange rings with primitive factors Artinian
A ring R is called homomorphically semiprimitive if every ring homomorphic image
(including R) of R has zero Jacobson radical. Von Neumann regular rings are clearly
homomorphically semiprimitive. But the converse is not true in general, for example,
let R=W1[F] be the 5rst Weyl algebra over a 5eld F of characteristic zero, then R is a
simple domain which is not a division ring. Thus R is homomorphically semiprimitive.
But R is not von Neumann regular.
Recently, Yu [17, Theorem 3.6] proved the following: Let R be an exchange ring
whose primitive factor rings are Artinian. If R=J (R) is homomorphically semiprimitive,
then R=J (R) is strongly 
-regular and idempotents lift modulo J (R).
We have the following theorem which generalizes Yu’s result and [8, Theorem 1].
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Theorem 1.1. Let R be an exchange ring whose primitive factor rings are Artinian.
If R is homomorphically semiprimitive, then R is von Neumann regular. In particular,
R is unit-regular.
To prove Theorem 1.1, we need the following lemma due to Menal [12, Lemma
1]. Recall that a ring R called an I-ring if every non-nil right ideal of R contains a
nonzero idempotent.
Lemma 1.2. Suppose that R is a semiprimitive I -ring whose primitive factor rings
are Artinian. Then every nonzero ideal of R contains a nonzero central idempotent.
In particular, if R is indecomposable, then R is simple Artinian.
Proof of Theorem 1.1. Suppose that R is not von Neumann regular. Then there exists
a∈R such that a ∈ aRa. Set A= {I | I is an ideal of R and a ∈ (aRa+ I)}. Then A
is not empty since the zero ideal is in it. It can be easily checked that the union of
every chain in A is again in A. By Zorn’s lemma, A contains a maximal element A.
First we claim that R=A is indecomposable. Suppose not. Then there exist ideals J; K
of R such that A ( J , A ( K and R=A= J=A⊕K=A, and hence J ∩K =A. By de5nition
of A, there exist x; y∈R such that a− axa∈ J and a− aya∈K . Then we have
a− a(x + y − xay)a= a− axa− (a− axa)ya
= a− aya− ax(a− aya)∈ J ∩ K:
So a−a(x+y−xay)a∈A, which is a contradiction. Hence R=A is indecomposable. Since
R=A is a ring homomorphic image of an exchange ring whose primitive factor rings
are Artinian, R=A is again an exchange ring whose primitive factor rings are Artinian.
Also by hypothesis, J (R=A) = 0. So R=A is an I-ring by Nicholson [14, Proposition
1.9]. Then by Lemma 1.2, R=A is simple Artinian and so R=A is clearly von Neumann
regular, which contradicts a ∈ (aRa + A). Therefore R is von Neumann regular. In
particular, by Goodearl [9, Theorem 6.10], R is unit-regular.
In Theorem 1.1, the condition “homomorphically semiprimitive” is not superJuous
by the following Example 1.3. Also the condition “primitive factor rings are Artinian”
is not superJuous. Let V be an in5nite dimensional vector space over a 5eld F .
Then R=EndF(V ) is von Neumann regular and so is homomorphically semiprimitive
exchange. But R is primitive but not Artinian. In fact, R is unit-regular if and only if
V is 5nite dimensional.
Example 1.3. We take the ring in [14, Example 1.7]. Let Q be the 5eld of all rationals
and S the ring of all rationals with odd denominators. Let
R=
{
〈ai〉 ∈
∞∏
i=1
Qi | ai is eventually constant in S
}
;
where Qi=Q for all i. Since S=J (S) is a division ring, it follows that R is a commutative
semiprimitive ring. Moreover R is an exchange ring. But, since J (S) = 0, S is not von
Neumann regular. Note that S is a homomorphic image of R. Therefore R is not von
Neumann regular.
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Recall that a ring R is called to be right (left) weakly 
-regular if for any a∈R, there
exists a positive integer n, depending on a, such that anR= anRanR (resp. Ran=RanRan).
In case n= 1, a ring R is called to be right (left) weakly regular.
Corollary 1.4. Suppose that R is an exchange ring whose primitive factor rings are
Artinian. Then the following statements are equivalent:
(1) R is von Neumann regular.
(2) R is right weakly regular.
(3) R is left weakly regular.
Recall that a ring R is called right quasi-duo if every maximal right ideal of R is
an ideal. Note that right primitive right quasi-duo rings are division rings. This implies
that all primitive factor rings of a right quasi-duo ring are Artinian. Thus we have the
following result which generalizes [4, Proposition 3.2] and [17, Theorem 3.8]. A ring
R is called to be biregular if every principal two-sided ideal of R is generated by a
central idempotent.
Corollary 1.5. Suppose that R is a right quasi-duo exchange ring. Then the following
statements are equivalent:
(1) R is strongly regular.
(2) R is von Neumann regular.
(3) R is biregular.
(4) R is homomorphically semiprimitive.
Proof. (1) ⇔ (2): It is well known that a right quasi-duo ring is strongly regular if and
only if it is von Neumann regular. Also, obviously, (1) implies (3). Assume (3). Since
Jacobson radical contains no nonzero idempotent, R is homomorphically semiprimitive.
Finally, by Theorem 1.1, (4) implies (2).
The following result extends a result [9, Theorem 3.2].
Proposition 1.6. Suppose that R is a homomorphically semiprimitive exchange ring.
Then the following statements are equivalent:
(1) R is abelian
(2) R is reduced.
(3) R=P is a division ring for all prime ideals P of R.
(4) R is strongly regular.
(5) Every nonzero right ideal of R contains a nonzero central idempotent.
Proof. (1) ⇔ (2): Note that abelian exchange rings are right quasi-duo [2, Theorem
3.1]. Since R is semiprimitive, R is reduced by Yu [16, Corollary 2.4].
(2) ⇔ (3): Let x− x2 ∈P for x∈R. Then by Nicholson [14, Proposition 1.1], there
exists an idempotent e∈R such that e − x∈ (x − x2)R and so e − x∈P. Since R is
C.Y. Hong et al. / Journal of Pure and Applied Algebra 179 (2003) 117–126 121
abelian, all idempotents in the prime ring R=P are also central. This implies that 0 and
1 are the only idempotents in R=P. Let Ox be a nonzero element of OR=R=P. Since OR is
also an exchange ring, there exists an idempotent Oe∈ Ox Oy OR such that O1− Oe∈ ( O1− Ox Oy) OR
for any Oy∈ OR. If Oe = O1, then we are done. If Oe = O0, then O1 − Ox Oy is invertible and so
Ox∈ J ( OR). By hypothesis, R is homomorphically semiprimitive, J ( OR) = O0, which is a
contradiction. Therefore R=P is a division ring. Conversely, since R is semiprimitive,
we can see that R is isomorphic to a subdirect product of division rings. Hence R is
reduced.
(2) ⇒ (4): Since R is right quasi-duo, it follows from Corollary 1.5.
(4) ⇒ (5): It is a well known fact.
(5) ⇒ (2): Let a2 = 0 with a = 0. Then a nonzero right ideal aR contains a
nonzero central idempotent e∈R. Thus e = ar for some r ∈R. Hence we have e =
e2 = arar = a(ar)r = 0 since e = ar is central. This is a contradiction. Therefore R is
reduced.
A ring R is called to be strongly 
-regular if for any a∈R, there exists a positive
integer n, depending on a, such that an = an+1x for some x∈R. A ring R is called to
be 
-regular if for any a∈R, there exists a positive integer n, depending on a, such
that an = anxan for some x∈R. A ring R is called to be abelian if every idempotent
in R is central.
Proposition 1.7. Let R be an abelian exchange ring. The following statements are
equivalent:
(1) R is strongly 
-regular.
(2) R is 
-regular.
(3) R is right weakly 
-regular.
(4) R=J (R) is right weakly 
-regular and J (R) is nil.
Proof. It suPces to show that (4) implies (1). Since R is abelian exchange, R is right
quasi-duo. Then by Hong et al. [10, Theorem 7] we have R=J (R) is strongly 
-regular
and so R=J (R) is strongly regular. Hence for each x∈R, there exists y∈R such that
x− xyx∈ J (R). Denote x+ J (R) by Ox. By hypothesis, every idempotent in R=J (R) can
be lifted to an idempotent of R. Then there exists e2=e∈R such that Oe= Ox Oy and we get
Ox= Oe Ox. But x−ex is nilpotent so there exists a positive integer n such that (x−ex)n=0.
Thus xn ∈ eR because e is central. Now Oe= Ox Oy is central in R=J (R) whence we obtain
Oe= Ox Oy= Ox2 Oy 2 = · · ·= Oxn Oy n. Then it follows that e− xnyn ∈ J (R), and (e− xnyn)m = 0
for some positive integer m. Now we have e∈ xnR and consequently xnR= eR. Since
R is abelian, R is strongly 
-regular.
Proposition 1.8. Let R be an exchange ring of bounded index of nilpotency. Then
the following statements are equivalent:
(1) R is strongly 
-regular.
(2) R is 
-regular.
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(3) R=P(R) is 
-regular, where P(R) is the prime radical of R.
(4) Every prime ideal of R is maximal.
Proof. By Yu [17, Theorem 3.11] and Hong et al. [10, Proposition 19].
From a fact that von Neumann regular rings are exchange rings, we might suspect
that biregular rings and right (or left) weakly regular rings are exchange. However the
following remark erases the possibility.
Remark. Let R=W1[F] be the 5rst Weyl algebra over a 5eld F of characteristic zero.
In fact, R=F[x; y], where x; y are indeterminates with xy−yx=1. Then R is a simple
domain which is not a division ring. For x∈R, xR contains the only idempotent 0. So
if R is exchange, then 1 − x must be an invertible element, which is a contradiction.
Therefore R is not an exchange ring.
Finally, we consider an exchange ring with certain annihilator condition.
Lemma 1.9. Let R be an exchange ring. Then for any a∈R, there exists an idem-
potent e∈R such that ‘(a) ⊆ Re and ‘(1− a) ⊆ R(1− e).
Proof. Since R is exchange, for any a∈R, there exists an idempotent f∈R such that
f∈ aR and 1−f∈ (1− a)R by Nicholson [14, Proposition 1.1]. So letting e=1−f,
we get ‘(a) ⊆ ‘(f) = R(1− f) = Re and ‘(1− a) ⊆ ‘(1− f) = Rf = R(1− e).
The converse of Lemma 1.9 is not true by the ring of integers. However, we have
the following result.
Proposition 1.10. Suppose that every principal right ideal of a ring R is a right
annihilator. Then R is an exchange ring if and only if for any a∈R, there exists an
idempotent e∈R such that ‘(a) ⊆ Re and ‘(1− a) ⊆ R(1− e).
Proof. By Lemma 1.9, it suPces to show the suPciency. Let a∈R. Then by hypoth-
esis, there exists an idempotent e∈R such that ‘(a) ⊆ Re and ‘(1 − a) ⊆ R(1 − e).
Then aR= r(‘(a)) ⊇ r(e) = (1− e)R and (1− a)R= r(‘(1− a)) ⊇ r(1− e) = eR. By
Nicholson [14, Proposition 1.1], R is an exchange ring.
It is well known that a ring R is left principally injective if and only if every
principal right ideal of R is a right annihilator.
2. Extensions of exchange rings
Nicholson [14, Theorem 2.1] proved that R is an exchange ring if and only if the
n-by-n full matrix ring Matn(R) over R is an exchange ring. But, in general a subring
of an exchange ring is not exchange. For example, Q, the 5eld of all rational numbers,
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is an exchange ring but the subring Z, the integer of integers, is not exchange. So
we may suspect that the n-by-n upper (or lower) triangular matrix ring over R is an
exchange ring.
Proposition 2.1. Let R, S be rings and RMS be a (R; S)-bimodule. Let E=
(
R M
0 S
)
.
Then E is an exchange ring if and only if R and S are exchange rings.
Proof. Let eii be matrix units for i= 1; 2. Then e11Ee11 ∼= R and e22Ee22 ∼= S. Thus it
follows from Nicholson [14, Corollary 2.6].
Proposition 2.2. The following statements are equivalent:
(1) R is an exchange ring.
(2) Every upper triangular matrix ring (8nite or column 8nite) over R is an exchange
ring.
(3) Every lower triangular matrix ring (8nite or row 8nite) over R is an exchange
ring.
Proof. Let S be an upper triangular matrix ring over an exchange ring R. We only
prove the upper triangular countably in5nite case, the proofs of other cases are similar.
Assume that R is an exchange ring. First note that S=J (S) is just the direct product
of countably many copies of R=J (R). So S=J (S) is an exchange ring. Now we claim
that idempotents lift modulo J (S). For (aij)∈ S, let (aij) − (aij)2 ∈ J (S). Then we
have aii − a2ii ∈ J (R) for i= 1; 2; : : : . By Nicholson [14, Corollary 2.4], there exists an
idempotent eii ∈R such that eii − aii ∈ J (R) for each i= 1; 2; : : : . Let ij = eij for i= j
and ij = 0 for i = j. Then (ij)2 = (ij) and (ij) − (aij)∈ J (S). This implies that
idempotents can be lifted modulo J (S). Therefore S is an exchange ring.
Conversely, assume that S is an exchange ring. Since S=J (S) is just the direct product
of countably many copies of R=J (R), we have R=J (R) is an exchange ring. Now let
x − x2 ∈ J (R) for x∈R and let xij = x for i = j and xij = 0 for i = j. Then (xij) −
(xij)2 ∈ J (S). So there exists an idempotent (fij)∈ S such that (fij) − (xij)∈ J (S). It
can be easily checked that fii is an idempotent in R such that fii − x∈ J (R) for any
i = 1; 2; : : : . Therefore R is an exchange ring.
The polynomial rings over a nonzero exchange ring are never exchange rings. Indeed,
let R be an exchange ring. For x∈R[x], xR[x] contains the only idempotent 0. If R[x] is
exchange, then 1∈ (1−x)R[x] and so 1−x is invertible in R[x], which is a contradiction.
Proposition 2.3. Let R be an exchange ring. Then R[x]=〈xn+1〉 is an exchange ring
for any n¿ 1.
Proof. Suppose that R is an exchange ring. Denote Ox in R[x]=〈xn+1〉 by u so R[x]=〈x〉=
R[u] = R + Ru + · · · + Run, where u commutes with elements of R and un+1 = 0.
Notice that J (R[u]) = J (R) + 〈u〉, where 〈u〉 is the ideal of R[u] generated by u. Thus
R[u]=J (R[u]) ∼= R=J (R) is exchange by Nicholson [14, Proposition 1.5].
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Let f+J (R[u]). Then f+J (R[u])= (a0+a1u+· · ·+anun)+J (R[u])=a0+J (R[u]) for
some a0 ∈R. If (f+J (R[u]))2=f+J (R[u]), then (a0+J (R[u]))2=a20+J (R[u])=a0+
J (R[u]) and so a20−a0 ∈ J (R). Since idempotents can be lifted modulo J (R), a0+J (R) =
e+ J (R) for some idempotent e∈R. Hence f+ J (R[u]) = a0 + J (R[u]) = e+ J (R[u]).
Therefore every idempotent can be lifted modulo J (R[u]) and so R[u] =R[x]=〈xn+1〉 is
an exchange ring.
However, for the formal (skew) power series ring over an exchange ring, we have
the following result. Recall that for a ring R with a ring endomorphism  :R→ R, the
skew power series ring R[[x; ]] of R is the ring obtained by giving the formal power
series ring over R with the new multiplication xr = (r)x for all r ∈R.
Theorem 2.4. Let  be an endomorphism of R. Then the following statements are
equivalent:
(1) R is an exchange ring.
(2) The formal power series ring R[[x]] of R is an exchange ring.
(3) The skew power series ring R[[x; ]] of R is an exchange ring.
Proof. The result can be proved by the similar method in the proof of Proposition
2.3.
We conclude this note by observing the centers of exchange rings. Given a ring R,
C(R) denotes the center of R.
Nicholson [14] called a ring R clean if every element of R is a sum of a unit and an
idempotent, and proved that clean rings are always exchange rings, and the converse
is true when R is abelian. The result of Nicholson has been extended to a right (or
left) quasi-duo ring by Yu [16]. Recently, these results were uni5ed and extended to
a ring with primitive factors Artinian by Huh et al. [11].
Proposition 2.5. If R is an exchange ring, then every central element of R is the sum
of an idempotent and a unit.
Proof. Let x∈C(R). Then there exists an idempotent e∈R such that e∈ xR and 1 −
e∈ (1−x)R by Nicholson [14, Proposition 1.1], and so e=xc for some c∈R. Let cxc=a.
Then e= e2 = x(cxc)= xa=ax and ae= ce=a. Since 1− e∈ (1− x)R, 1− e=(1− x)d
for some d∈R. Let d(1− x)d= b. Then 1− e= (1− x)b= b(1− x) and b(1− e) = b.
Now x= (1− e) + (x− (1− e)). We claim that x− (1− e) is a unit. Indeed, we have
(a−b)(x−(1−e))=ax−a(1−e)−bx+b(1−e)=e−bx+b=e+b(1−x)=e+(1−e)=1.
Similarly, (x − (1− e))(a− b) = 1.
Corollary 2.6. If R is an abelian exchange ring, then C(R) is exchange.
Proof. In the proof of Proposition 2.5, x − (1 − e) and 1 − e are central elements of
R since R is abelian. So C(R) is clean and it is exchange.
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In Corollary 2.6, the condition “R is abelian” is necessary. There exists an exchange
ring whose center is not exchange.
Example 2.7. Let A be a unital C∗-algebra. Then A is an exchange ring if and only
if A has real rank zero [2, Theorem 7.2]. Let B be a commutative separable unital
C∗-algebra. Then there exists an AF-algebra having B as a center [3, Theorem]. Now let
B be the algebra of continuous functions on the unit interval. Then B is a commutative
separable unital C∗-algebra. Thus there exists an AF-algebra R having B as a center.
Since an AF-algebra has real rank zero, R is an exchange ring but B is not exchange.
Indeed, let f be in B de5ned by f(x)=0 if 06 x6 12 and f(x)= x− 12 if 12 ¡x6 1.
Note that the identity of B is 1B such that 1B(x)=1 for all x∈ [0; 1] and so 1B−f is not
invertible in B. Suppose that B is an exchange ring. Then by Nicholson [14, Proposition
1.1] there exists an idempotent e∈B such that e∈fB and 1B − e∈ (1B − f)B. Since
e(x)2 = e(x) and e is continuous, we have e(x) = 0 or e(x) = 1 for all x∈ [0; 1]. If
e(x)=0, then e ∈ fB. So e(x)=1 for all x∈ [0; 1]. This implies that 1B−f is invertible
in B, which is a contradiction. Therefore B is not exchange.
However, the converse of Corollary 2.6 is not true in general (see Example 2.9
below). However we obtain the following result.
Proposition 2.8. Let R be a ring satisfying I ∩ C(R) = 0 for any nonzero right ideal
I of R. If C(R) is semiprimitive exchange, then R is a semiprimitive I -ring.
Proof. Assume to the contrary that there is a nonnil right ideal I of R which contains
no nonzero idempotent. Then I ∩ C(R) = 0, say 0 = a∈ I ∩ C(R). Since C(R) is
exchange, there exists an idempotent e∈ aC(R) and 1−e∈ (1−a)C(R). By assumption
and aC(R) ⊆ I , e must be 0. It then follows that 1 = 1− e∈ (1− a)C(R), and hence
1−a is a unit. For all s∈C(R), 1−as is also a unit by the same method as above. So
a∈ J (C(R)) and then J (C(R)) = 0, which is a contradiction. Therefore R is an I-ring
and moreover R is semiprimitive.
Note that a reduced PI-ring R satis5es the condition I ∩ C(R) = 0 for any nonzero
right ideal I of R. This condition in Proposition 2.8 is not superJuous by the following
example.
Example 2.9. Let D be a division ring and S =
∏∞
i=1 Di, where Di = D for all i.
De5ne  : S → S by (a1; a2; : : :)= (a1; a1; a2; : : :). Then  is injective but not onto. Let
R = S[x; ] be a skew polynomial ring. Then C(R) = {(a; a; : : :) | a∈C(D)} ∼= C(D)
is exchange. However 0 is the only idempotent contained in xR and 1 ∈ (1 − x)R.
Therefore R is not exchange. Note that xR ∩ C(R) = 0.
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